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Nano- to Microscale Modeling by Cluster Potentials
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Cluster potentials have been derived in this work by integrating the Lennard–Jones (LJ) potential over specific
physical domains defining the geometrical shapes of the molecular clusters. For microsystems involving loosely
compacted cluster arrays, the asymptotic expressions of the cluster potential are derived and compared to the
LJ potential. Capabilities in multiscale modeling are demonstrated by introducing physical boundaries as large
clusters of a planar geometry. Numerical examples include pressure and heat-flux distributions in nanoarrays
subjected to in-depth heating.

Nomenclature
A = constant in the general form of cluster potential
a, b = radii of spheres
C1 = constant in Lennard–Jones (LJ) potential
C2 = constant in LJ potential
c = central distance
d = distance
E = cluster potential
F = force
M = cluster mass
m = number densities
r = distance
U = molecular potential
x = radius of disks
α, β = constants in the general form of cluster potential
θ = polar angle or temperature
ρ = radial distance
� = pressure
ξ, η = attractive and repulsive exponents (cluster potential)

Subscripts and Superscripts

D-S = disk-to-sphere
i, j = molecule i and j
M-D = molecule-to-disk
M-S = molecule-to-sphere
M-W = molecule-to-wall
S-S = sphere-to-sphere
0 = equilibrium
∗ = reference values
– = nondimensional quantities

Introduction

M OLECULAR-DYNAMICS (MD) simulation has been
proven effective in modeling the various thermomechanical

processes in microscale.1−3 A two-volume symposium4 was pub-
lished in 1996, where the uses of MD simulations in solidification,
microscale processing, as well as prediction of microscale thermo-
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physical properties and microstructural surface modeling were col-
lected. Recent review on the development of MD simulations can
be found in Ref. 5, which covers a wider spectrum of MD simula-
tions. In addition to the normal and modified Lennard–Jones (LJ)
potentials, more sophisticated Stillinger and Weber6 and Tersoff7

potentials for silicon, the ab initio MD method describing electronic
states by the Schrödinger wave equation to address the quantum-
mechanical effects,8,9 and the embedded-atom type potentials10

were among the list. Gradient of the molecular potential gives rise to
the force exerting on the molecules in support of their motion. Ex-
cept for the equations of motion, which can either be Newton’s law
for describing classical behaviors or the Schrödinger wave equation
to address the quantum-mechanical effects, the MD simulation does
not require a constitutive relation known as a priori. Thermomechan-
ical responses, including temperature and heat-flux vector in mea-
suring energy-carrying capacities and stresses in evaluating load-
bearing capacities, are calculated from the statistical averages that
involve molecular positions, velocities, and energies in accordance
with the virial theorem.11,12 To describe the refined microstructures
with sufficient details, the number of molecules involved in the com-
putational cell ranges from hundreds (102) to 106, depending on the
complexity of the targeted behaviors in the microsystem. As the
number of molecules increases, to keep computational time man-
ageable the cutoff radius is often introduced to eliminate the far-field
forces. In the use of the LJ potential, for example, the cutoff radius
is roughly taken as 2.6σ , with (21/6σ ) being the mechanical equi-
librium position at which the intermolecular force is zero.

Complex microsystems can involve interactions between
molecules and congregated molecular clusters forming various
shapes. (Data available online at http://www.sc.doe.gov/production/
bes/complexsystems.htm and http://www.sc.doe.gov/production/
bes/nanoscale.html.) Evidenced by a nanotube with hexagonal clus-
ters uniformly distributed on its circumference, it would require
hundreds of thousands of molecules to model just one nanotube
via classical MD simulations. Modeling a simple bundle of such
nanotubes can easily exceed the limit of even the fastest supercom-
puters nowadays, making it necessary to develop more effective
models to describe interactions involving multiscale species in the
nanoscale assemblies. All functional nanomaterials would face the
same challenge.13 As hundreds of thousands of nanophase agglom-
erates are collected from a liquid-hydrogen-cooled tube, with tens
and hundreds of molecules involved in each, interactions among
such agglomerates would dominate the functionalities of the con-
solidated (sintered) nanophase materials rather than the individual
molecules. Conventional MD simulation would be able to character-
ize such complex systems for assuring the targeted functionalities,
but the numerical efforts will be immense.

Treating the interatomic LJ potential as the building block, we
developed the cluster interaction potential.14 Mathematically, the
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well-known LJ potential is used as the Green’s function to de-
rive the new potentials as numerous molecules congregate into
various shapes. In special cases where the nanophase assemblies
are loosely compacted, we emphasize variations of the attrac-
tive and repulsive exponents as the cluster shape varies. Full ex-
pression of the cluster potential is used in the cluster-dynamics
(CD) simulation to treat nanophase assemblies in general, which
now includes tightly compacted assemblies. One-dimensional
heat flux (for the energy-carrying capacities) and stress (load-
bearing capacities) are calculated and presented in the numerical
example.

Cluster Potentials
A cluster (meso- or macroscopic body) is defined here as an as-

sembly of like molecules (or atoms) that are compacted uniformly
in a physical domain. Molecular clusters can exist naturally, such
as the nanoparticles suspended in nanofluids.15,16 The intermolec-
ular bonds inside the nanoparticles are much stronger than those
among the fluid molecules. Consequently, the solid-like nanoparti-
cle could be modeled as a basic unit, or a cluster, when describing
its interaction with the individual molecules of the fluid. Molecular
clusters can also be formed as the individual molecules congregate,
called agglomeration. The cluster concept can be introduced when
agglomeration occurs, for saving the computational time caused by
reduction of the interacting species in the computational domain,
but additional criteria will be needed because such congregated
molecules could also break. Breakup/recombination of molecular
clusters falls into the category of dynamic clustering, which will be
excluded in this work for the time being.

The size of a cluster can be as large as two to three orders of
magnitude greater than a molecule (measured in angstroms). The
pair potential between a molecule and a cluster is derived based
on the assumption of additivity, the net interaction energy of the
molecule, and the cluster is the sum of the interaction of the molecule
with all of the molecules in the cluster. The same assumption is also
applied to the pair potential between two clusters.

LJ potential is one of the most popular models used in the MD
simulation because of its simple form and well-tabulated parameters
for different materials,

Ui j (di j ) = C1

/
d12

i j − C2

/
d6

i j (1)

Typical values of C1 and C2 are of the order of 10−26 (J-nm12) and
C2 = 10−23 (J-nm6), respectively.1,2 The force between molecules is
related to the potential function through the differential expression,

Fi j = −∂Ui j

∂di j
= 12C1

d13
i j

− 6C2

d7
i j

(2)

The repulsive force decays as d−13
i j , and the attractive force decays

as d−7
i j . From Eq. (2) the equilibrium position is d0 = (2C1/C2)

1/6,
which corresponds to Fi j = 0. The corresponding potential at the
location d0 is E0 = C2

2/(4C1). The maximum attractive force is
Fs = −(126C2

2/169C1)/(26C1/7C2)
1/6, occurring at the location

ds = (26C1/7C2)
1/6.

Spherical clusters are of interest in this work. Figure 1a shows the
LJ potential Ui j between any pair of molecules i and j and the cluster
potential E(c) with c being the central distance between two spher-
ical clusters. To determine the cluster potential, spheres A and B of
radii a and b, respectively, are introduced in Fig. 1b. Molecules in
each spherical cluster are assumed numerous, uniformly distributed
throughout with the number densities of m A (in sphere A) and m B

(in sphere B).

Molecule-to-Sphere Potential
Figure 2 illustrates the coordinate system employed for deriving

the pair potential between a molecule P and sphere A. The molecule
P can be considered a representative molecule in sphere B; the dis-
tance between the molecule P and center of sphere A is y′. Let (dr )
be the thickness representative of a disk extracted from A and dA
(= ρdρdθ) be an infinitesimal area. With y = (ρ2 + r 2)1/2 in place of

a)

b)

Fig. 1 Spherical clusters composed of uniformly compacted molecules:
a) interaction potential E(c) between clusters resulting from the LJ
potential U(rij) between molecules i and j in the clusters and b) the
geometry of two spherical clusters.

Fig. 2 Representative disk of differential thickness dr in spherical clus-
ter A and the planar coordinate system.

di j in Eq. (1) and U (y) being the LJ potential between the molecule
P (= i) and the molecule dAdr (= j), the two-dimensional inter-
action potential [EM-D(x, r)] between P and the disk is derived by
integrating the LJ potential over the entire disk of radius x ,

EM-D(x, r) = m Aρ

∫ x

0

U (y)

∣∣∣
∣

y =
√

ρ2 + r2

· ρdρ

∫ 2π

0

d θ

= 2πm Aρ

{
C1

[
1

10r 10
− 1

10(r 2 + x2)5

]

− C2

[
1

4r 4
− 1

4(r 2 + x2)2

]}
(3)

where m Aρ measures the number of molecules per unit area on the
disk. In the case that P is very close to the disk, r � x , Eq. (3)
reduces to

EM-D; r � x (r) = 2πm Aρ

(
C1

/
10r 10 − C2

/
4r 4

)
(4)

Equation (4) indicates that the repulsive and attractive indices in the
molecular-to-disk potential sensitively change to a 10–4 relation, in
contrast to the original 12–6 (LJ) relation, as the distance between
P and the disk is very small compared to x . Smaller values of
the attractive and repulsive indices in the cluster potential imply a
shorter equilibrium distance and a shallower potential-well depth
than the LJ potential. This is because of the larger mass of clusters
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as molecules congregate into a certain shape, forming a heavier
body that pulls the surrounding molecules closer in approaching
mechanical equilibrium.

The molecule-to-sphere potential can be derived by integrat-
ing EM-D in Eq. (3) for a disk of thickness (dr ) over the entire
sphere with r ranging from (y′ − a) to (y′ + a), with the relation of
x2 = �a2 − (y′ − r)2� placed in the integrand. Thus, the net interac-
tion energy for a molecule P at a distance y′ away from a sphere
is

EM-S(y′) =
∫ y′ + a

y′ − a

EM-D(x, r)

∣∣∣∣
x =

√
a2 − (y′ − r)2

· mAr dr

= 2πm A

{
− C1

10

[
1

9(y′ + a)9
− 1

9(y′ − a)9
− 1

8y′(y′ + a)8

+ 1

8y′(y′ − a)8

]
+ C2

4

[
1

3(y′ + a)3
− 1

3(y′ − a)3

− 1

2y′(y′ + a)2
+ 1

2y′(y′ − a)2

]}
(5)

where m A (= mAr × m Aρ) is the number density of molecules per
unit volume in sphere A. The pair force between the molecule
to sphere can also be derived in a similar way from the relation
FM-S(y′) = −dEM-S(y′)/dy′. The result is

FM-S(y′) = −2πm A

{
C1

10

[
1

(y′ + a)10
− 1

(y′ − a)10
− 1

y′(y′ + a)9

+ 1

y′(y′ − a)9
− 1

8y′2(y′ + a)8
+ 1

8y′2(y′ − a)8

]

− C2

4

[
1

(y′ + a)4
− 1

(y′ − a)4
− 1

y′(y′ + a)3
+ 1

y′(y′ − a)3

− 1

2y′2(y′ + a)2
+ 1

2y′2(y′ − a)2

]}
(6)

Equations (5) and (6) show that the molecule-to-sphere potential and
the interaction force is not only proportional to the number density
of molecules in the sphere but also depends on the size of the sphere.

For the case that the molecule is very close to the sphere cluster,
that is, d � a with d(= y′ − a) being the distance between P and
the surface of sphere A, the potential that is simplified from Eq. (5)
becomes

EM-S,d � a = πm A

(
C1

/
45d9 − C2

/
6d3

)
(7)

The 10–4 relation of the potential function Eq. (4) further evolves
into a 9–3 relation in Eq. (7) in transit from the molecule to disk to
the molecule to sphere. The corresponding force is therefore given
by

FM-S,d � a = πm A

(
C1

/
5d10 − C2

/
2d4

)
(8)

The equilibrium length, which is defined here as the distance be-
tween a molecule and the surface of a large spherical cluster at a
small distance apart, is (2C1/5C2)

1/6. The maximum attractive force
therefore is −3πm AC2/10(C1/C2)

2/3, at a distance of (C1/C2)
1/6

between the molecule and the surface of the sphere. A cluster array
with d � a is termed tightly compacted in this work.

For the other extreme that a � d , for loosely compacted cluster
arrays, the Taylor-series expansion of Eq. (5) in terms of (a/y′)
yields

E M-S
a � d

(y′) = (
4πa3m A

/
3
)(

C1

/
y′12 − C2

/
y′6) (9)

The value of 4πa3m A/3 is the number of molecules in the sphere A.
The LJ potential is thus retrieved by letting the number of molecule
in the sphere be unity (1).

Fig. 3 Representative disk of differential thickness dR in spherical
cluster B and the planar coordinate system.

Sphere-to-Sphere Potential
Figure 3 illustrates the coordinate system employed in deriv-

ing the potential between sphere A and sphere B. Similar to the
molecule-to-disk potential, the disk-to-sphere potential ED - S) can
be derived by replacing y′ in Eq. (5) by (ρ ′2 + R2)1/2 and integrating
EM-S over the entire disk with ρ ′ ∈ [0, x ′] and θ ′ ∈ [0, 2π ]. Employ-
ing the identity

∫ x ′

0

ρ ′
(√

R2 + ρ ′2 ± a
)n dρ ′ =

∫ x ′

0

ρ ′
√

R2 + ρ ′2
√

R2 + ρ ′2(√R2 + ρ ′2 ± a
)n dρ ′

(10)

in the integration, all terms can be integrated by parts, resulting in
the expression for the disk-to-sphere potential:

ED-S(x ′, R) = m Bρ

∫ x ′

0

EM-S(y′)|
y′ =

√
ρ′2 + R2 · ρ ′ dρ ′

∫ 2π

0

dθ ′

= 4π2m Am Bρ

{
C1

720

[
R̄

(R̄ + a)8
− R̄

(R̄ − a)8
− R

(R + a)8

+ R

(R − a)8

]
− C1

630

[
1

(R̄ + a)7
− 1

(R̄ − a)7
− 1

(R + a)7

+ 1

(R − a)7

]
− C2

24

[
R̄

(R̄ + a)2
− R̄

(R̄ − a)2
− R

(R + a)2

+ R

(R − a)2

]
+ C2

12

[
1

R̄ + a
− 1

R̄ − a
− 1

R + a
+ 1

R − a

]}

(11)

where m Bρ is the number density of molecules per unit area
on the disk (of thickness dR) located within sphere B and
R̄ = √

(R2 + x ′2).
The ED-S function is now integrated in the domain of R from

(c − b) to (c + b), with x ′ replaced by [b2 − (c − R)2]1/2 in all terms.
Rearrangements such as
∫ c + b

c − b

√
2cR − (c2 − b2)

[√
2cR − (c2 − b2) ± a

]n dR

=
∫ c + b

c − b

2cR − (c2 − b2)
√

2cR − (c2 − b2)
[√

2cR − (c2 − b2) ± a
]n dR

(12)

in parallel to the preceding treatment, are required to render the
close-form result via integrations by parts. The resulting sphere-to-
sphere potential is thus
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ES-S = mBR

∫ c + b

c − b

ED-S(x ′, R)

∣∣∣∣∣
x ′ =

√
b2 − (c − R)2

· dR

= π 2m Am B

{
C1

37,800c

[
c2 + 7gc + G

(c + g)7
+ c2 − 7gc + G

(c − g)7

− c2 + 7hc + H

(c + h)7
− c2 − 7hc + H

(c − h)7

]

− C2

6

[
2ab

c2 − g2
+ 2ab

c2 − h2
+ ln

c2 − g2

c2 − h2

]}
(13)

where m B = m Bρ × mBR, g = a + b, h = a − b, G = 6a2 + 6b2 +
42ab, and H = 6a2 + 6b2 − 42ab. Equation (13) indicates the net
interaction energy between two spheres is proportional to not only
the number densities of molecules in the spheres but also the sizes
(e.g., radius) of the spheres.

The interaction force between two spherical clusters is evaluated
from the gradient of Eq. (13),

FS-S = −dES-S

dc

= π 2m Am B

{
C1

37,800c2

[
6c3 + 48gc2 + 8Gc + gG

(c + g)8

+ 6c3 − 48gc2 + 8Gc − gG

(c − g)8
− 6c3 + 48hc2 + 8Hc + h H

(c + h)8

− 6c3 − 48hc2 + 8Hc − h H

(c − h)8

]
− C2c

3

[
2ab

(c2 − g2)2

+ 2ab

(c2 − h2)2
− 1

c2 − g2
+ 1

c2 − h2

]}
(14)

Equations (13) and (14) are the general expressions for the pair
potential and force between two spherical clusters.

Assuming two large spheres with a small distance apart, that
is, d � a and d � b with d = c − (a + b) referring to the distance
between the surfaces of two spheres, the pair potential is deduced
from Eq. (13):

ES-S(d � a,b) = π 2m2ab

a + b

(
C1

1260d7
− C2

6d

)
(15)

Note that the 9–3 relation of the molecule-to-sphere potential finally
evolves into a 7–1 relation for the sphere-to-sphere potential. It is
clearly shown that the interaction energy is proportional to the radii
of both spheres. The net force between the two spheres is therefore

FS-S(d � a,b) = π 2m2ab

a + b

(
C1

180d8
− C2

6d2

)
(16)

It is also proportional to the radii of the spheres and decays as d−8

for the repulsive force and d−2 for the attractive force.
For a = b and m A = m B , the potential Eq. (13) and the force

Eq. (14) respectively become

ES-S(a = b) = π2m2

{
C1

37,800c

[
c2 + 54a2 + 14ac

(c + 2a)7

+ c2 + 54a2 − 14ac

(c − 2a)7
+ 2c2 − 60a2

c7

]

− C2

6

[
2a2

c2 − 4a2
+ 2a2

c2
+ ln

c2 − 4a2

c2

]}
(17)

and

FS-S(a = b) = π2m2

{
C1

37,800c2

[
6c3 + 96ac2 + 432a2c + 108a3

(c + 2a)8

+ 6c3 − 96ac2 + 432a2c − 108a3

(c − 2a)8
− 12c2 − 480a2

c7

]

− C2

3

[
2a2c

(c2 − 4a2)2
+ 2a2

c3
− c

c2 − 4a2
+ 1

c

]}
(18)

The number density of molecules m is replaced form A and m B in
the preceding two equations.

For a = b and d � a, the asymptotic limit of the potential is ob-
tained from Eq. (17):

ES-S(a = b,d � a) = π2m2a
(
C1

/
2520d7 − C2/12d

)
(19)

The same result can also be obtained by letting a = b in Eq. (15).
Similarly, the asymptotic limit of the force is

FS-S(a = b,d � a) = π2m2a
(
C1

/
360d8 − C2

/
12d2

)
(20)

Letting the force in Eqs. (18) and (20) be zero, respectively, yields
the same equilibrium length between the surfaces of two close large
spherical clusters (C1/30C2)

1/6. The maximum attractive force is
−3π 2m2aC2/(2C1/15C2)

1/3 as the distance between the surfaces of
the two spheres reaches (2C1/15C2)

1/6. Recall that the equilibrium
length is (2C1/5C2)

1/6 for a molecule and the surfaces of a close-by
large spherical cluster and is (2C1/C2)

1/6 for the LJ potential for a
molecule.

The LJ potential can be deduced from the case that a = b and
a � d although the derivation is tedious. Expanding the Taylor series
for the first two terms and the last term on the right-hand side of
Eq. (14) and neglecting the relatively higher-order terms in (a/c)
results in

ES-S(a = b,d � a) = (16π2a6m2/9)
(
C1

/
c12 − C2

/
c6

)
(21)

Because 4πa3m/3 is simply the number of molecules in a sphere,
the preceding pair potential is identical to the LJ potential as
4πa3m/3 = 1.

Molecule-to-Flat-Surface Potential
A surface can be treated as a planar cluster made of molecules.

In performing the molecular dynamics simulation, this approach al-
lows us to model the surface bounding the molecular motion as a
participating piece (cluster) in the computational domain. The need
for specifying the kinematic conditions describing the collisions be-
tween the molecules and a physical boundary is thus removed. Com-
paring Figs. 2 and 4a, the molecule-to-surface potential can easily be
obtained by integrating the molecule-to-disk potential EM-D(x ′, z′)

a) Molecule-to-wall b) Sphere-to-wall

Fig. 4 Coordinates systems for molecule to wall and spherical cluster
to wall.
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with x ′ → ∞ over the domain z′ ∈ [d, ∞]. The result is

EM-W(d) =
∫ ∞

d

EM-D(x ′, z′)

∣∣∣∣
x ′ = ∞

dz′ = πmw

{
C1

45d9
− C2

6d3

}

(22)

where mW is the number density of molecules in the wall and d
is the distance between the molecule and the surface of the wall.
Note that Eq. (22) is identical to Eq. (7), which is the extreme case
that a molecule interacts with a very large sphere. This is because
a flat surface is a limit of the surface of a sphere as the radius of
the sphere approaches infinite. As a result, the expression of the
interaction force between a molecule and a flat surface is the same
as Eq. (8).

Note that the simple expression shown by Eq. (22) results from
the assumption that the wall is composed of the same molecule. For
walls involving different molecules, which will be the case in most
applications, Lorentz–Berthelot mixing rules17 need to be applied
while the cluster concept remains the same.

Sphere-to-Flat Surface Potential
The pair potential of a sphere with the flat surface of an infinite

thick and long wall can be derived in the same manner as described in
the Sphere-to-Sphere Potential section. Replacing d in Eq. (22) with
(d + z) and integrating EM-S over the entire disk with ρ ′ ∈ [0, x ′] and
θ ∈ [0, 2π ] results in the disk-to-flat surface potential

ED-W(x, z, d) = m D

∫ ∞

d

EM-W(d ′)

∣∣∣∣
d ′ = d + z

ρ ′ dρ

∫ 2π

0

dθ

= π 2mwm D

{
C1x2

45(d + z)9
− C2x2

6(d + z)3

}
(23)

in which m D is the number density of molecules in the disk, d is
the distance between the surfaces of the wall and the sphere, and
(d + z) is the distance between the disk and the wall surface. The
sphere-to-flat surface potential can be obtained by integrating the
ED - W potential,

ES-W(a, d) =
∫ 2a

0

ED - W(x, z, d)

∣∣∣∣
x =

√
a2 − (a − z)2

mz dz

= π2mwms

{
C1

7560

[
8a + d

(2a + d)7
+ 6a − d

d7

]

− C2

6

[
− 4a + 3d

2(2a + d)
+ 2a + 3d

2d
− ln

2a + d

d

]}
(24)

where ma(= m D × m Z ) and a are the number density of molecules
and the radius of the sphere, respectively. The value of the force
FS-W(a, d) for a sphere near a flat surface is

FS-W(a, d) = −∂ ES-W(a, d)

∂d
= π2mwma

{
C1

3780

[
27a + 3d

(2a + d)8

+ 21a − 3d

d8

]
− C2

6

[
3a + d

(2a + d)2
+ a − d

d2

]}
(25)

For d � a, Eq. (24) reduces to

ES-W,d � a(a, d) = π2mwmaa
(
C1

/
1260d7 − C2/6d

)
(26)

which is the extremely case of the interaction between two spheres,
see Eq. (15) with b → ∞. For the other special case that a � d, the
Taylor-series expansion of Eq. (24) in terms of a/d gives

EM-W,a � d(d) = πmw

(
4πa3ma

/
3
)(

C1

/
45d9 − C2

/
6d3

)
(27)

Letting the number of molecules in the sphere 4πa3ma/3 be one
(1), the preceding potential is basically the same as Eq. (22) for the
interaction of a molecule with a flat surface.

The indices describing the attractive and repulsive forces decrease
as the dimensionality of the cluster increases, from the 12–6 rela-
tion for molecules-to-molecule (zero dimension for both), the 10–4
relation for molecule-to-flat-surface (dimension of 2 for flat sur-
faces), the 9–3 relation for molecule-to-sphere (dimension of 3 for
spheres), and the 7–1 relation for sphere-to-sphere (dimension of
3 for both). Under the same number density of molecules in the
cluster, a higher dimension of the cluster implies more molecules
involved, and, consequently, the cluster becomes heavier. A heavier
cluster pulls the neighboring molecules closer in approaching me-
chanical equilibrium, which, in turn, is reflected by smaller values
of the attractive and repulsive indices.

Comparisons
The pair potential and force strongly depend on the size of the di-

mension of clusters as well as the distance between the two clusters.
For ease of numerical presentation in comparing the potential and
force between clusters, it is convenient to express them in a dimen-
sionless form. In view of the similarity among the potential functions
given by Eqs. (1), (7), (15), and (27), the following dimensionless
form for the pair potentials is introduced

Ē(D) = E(D)/E∗ = 1/αDξ − 2/β Dη (28)

where E∗ = AE0d6 − η

0 and D = d/d0 with d0 = (2C1/C2)
1/6 being

the equilibrium position between two molecules. The newly intro-
duced five parameters, A, α, β, ξ , and η, are summarized in Table 1
for clusters of the various shapes. Accordingly, the corresponding
forces are expressed as

F̄(D) = F(D)/F∗ = ξ/αDξ + 1 − 2η/β Dη + 1

where F∗ = E∗/d0 (29)

Figure 5 displays the dimensionless potentials between a
molecule and a sphere cluster (Fig. 5a), two spheres of the same
size (a = b) (Fig. 5b), and two spheres of different sizes (a �= b
and a = 10 nm) (Fig. 5c). Equation (5) is employed in obtaining
Fig. 5a whereas Eq. (13) is employed in obtaining Figs. 5b and
5c. For comparison, the LJ potential is included in Fig. 5a. Those
results are calculated with the values of C1 = 10−26 J · nm12, C2 =
10−23 J · nm6, and m = 31.6 atoms/nm3. The value of the number
density employed here is based on a tightly packed solid, and the
equilibrium length between two molecules is d0 = 0.355 nm. Recall
that the relations between the repulsion and attraction with respect
to the distance d are 12–6 for two molecules, 9–3 for a molecule
and a sphere, and 7–1 for two spheres. Obviously, the interaction
potentials of molecule to sphere and sphere to sphere would decay
very much slower than the intermolecular potential. The distance
dependence of the interaction is seen in Figs. 5a–5c. The equilib-
rium length d, which depends on the size of a cluster, is calculated
to be 0.2714 nm for a molecule and a large sphere, assuming d � a,
and 0.1794 nm for the two large spheres, assuming d � a, b. They
are the same as those calculated directly from Eqs. (8) and (16). On
the other hand, the equilibrium lengths for each type of the clusters
are close. For instance, those computed for the two spheres of the
same size are 0.1863 nm for a = 1 nm, 0.1801 nm for a = 10 nm,
0.1795 nm for a = 100 nm, and 0.1794 nm for a = 1 µm.

Table 1 Cluster potentials Ē and interaction forces F̄:
Ē(D) = E(D)/E∗ = 1/αDξ − 2/βDη, F̄(D) = F(D)/F∗ = ξ/αDξ + 1

− 2η/βDη + 1, where E∗ = AE0d6 − η
0 , D = d/d0, d0 = (2C1/C2)1/6

Cluster type A α β ξ η

Molecule-to-molecule (LJ) 1 1 1 12 6
Molecule-to-sphere πa 45 6 9 3

Sphere-to-sphere
π2m2ab

a + b
1260 6 7 1

Molecule-to-flat surface πmw 45 6 9 3
Sphere-to-flat surface aπ2mwma 1260 6 7 1
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a)

b)

c)

Fig. 5 Normalized potentials between a) a spherical cluster and atom,
b) two spherical clusters of same size, and c) two spherical clusters of
different sizes: a = 10 nm and b = 1 – 1000 nm.

Figure 6 displays the corresponding nondimensional interac-
tion forces. The maximum attractive force is −1.895 × 10−11 N
for the two molecules at the distance ds = 0.3935 nm (LJ),
−2.977 × 10−11 N for a molecule and a large sphere (a = 1 µm)
at the surface distance 0.3159 nm as shown in Fig. 6a, and
−0.121 × 10−7 N for the two spheres of equal radii a = b = 1 µm
at the surface distance 0.2260 nm, Fig. 6b. As shown in Fig. 6a, the
interaction force between two molecules (LJ potential) decays quite
fast as the distance dependences of the repulsive and attractive forces
are d−13 and d−7, respectively. For instance, the ratio of the net force

a)

b)

c)

Fig. 6 Normalized interaction forces between a) a spherical cluster
and atom, b) two spherical clusters of same size, and c) two spherical
clusters of different sizes: a = 10 nm and b = 1 – 1000 nm.

at the distance 2.6d0 to the maximum negative force occurring at ds

is about 0.0055. Accordingly, the contribution from the molecules
located at the distance exceeding approximately 2.6d0 can be con-
sidered insignificant and thus is treated as the threshold value of the
cutoff radius for improving the numerical efficiency.1,2 The clusters,
on the other hand, have a longer range of influence, with the effective
distance d extending well beyond 2.6d0 (d > 2.6d0), especially for
those clusters of higher dimensions. For the interaction between a
molecule and a spherical cluster, for instance, the required distance
d for the ratio of the force to the maximum negative force is less than
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0.0055 is 3.2d0 for the sphere of radius 1 nm, 3.7d0 for the sphere
of radius 10 nm, 3.8d0 for the sphere of radius 100 nm, and 3.8d0

for the sphere of radius 1 µm. The required distance should even
be larger for the interaction between two spherical clusters of the
same size; they are 4.2d0 for the spheres of radius 1 nm, 7.9d0 for
the spheres of radius 10 nm, 9.7d0 for the spheres of radius 100 nm,
9.9d0 for the spheres of radius 1 µm, and 10.0d0 for the spheres
of radius 10 µm. For the interaction between two spherical clusters
of different size, for which the radius of one of the spheres is 10
nm and the other varies for example, the required distance is 5.4d0

for b = 1 nm, 7.9d0 for b = 10 nm, 8.7d0 for b = 100 nm, 8.8d0 for
b = 1 µm, and 8.8d0 for b = 10 µm. The threshold values of the cut-
off radius for numerical analysis are respectively around 4d0, 10d0,
and 9d0 for the preceding three cases. Although the threshold value
of the cutoff d larger than that required for the two molecules, only
one cluster on each side of the cluster is needed in the numerical
simulation because of the size of the spherical clusters. For instance,
the maximum cutoff distance of 4d0 for the interaction between a
molecule and a sphere of radius 1 nm is 1.136 nm, while the next
closest sphere to the molecule is at least 3 nm apart. The worst case
is that four molecules are needed to be involved with a cluster in the
region that transits molecules to very large clusters. Overall speak-
ing, cluster dynamics requires much less computational time than
molecule dynamics.

In multiscale modeling, a robust model should consist of
molecules and clusters of different sizes. Because the molecule-
to-sphere potential Eq. (7) provides a transition from molecules to
clusters and the sphere-to-sphere cluster potential Eq. (15) is size
dependent, the multiscale model can vary from single molecule,
small clusters (few molecules) to very large clusters (thousands of
molecules). Unlike millions of molecules often required in MD sim-
ulation, the two potentials Eqs. (7) and (15) developed in this work
along with the LJ potential could provide a better tool for multiscale
modeling with molecules and spherical clusters.

Validity of the asymptotic expressions shown by Eqs. (19) and
(20), as compared to the full expressions shown by Eqs. (17) and
(18), is noteworthy. The central distance c in Eqs. (17) and (18),
in relation to the surface distance d in Eqs. (19) and (20), is re-
placed by c = d + 2a. Normalizing both forms of the cluster poten-
tial energy by E∗ = C1m2π 2/d6

0 [for Eqs. (17) and (19)] and the
interaction force by F∗ = C1m2π 2/d7

0 [for Eqs. (18) and (20)], with
C2 = 2C1/d6

0 and d0 the equilibrium distance of the classical LJ po-
tential, comparisons of Eqs. (17) and (19) (cluster potential) and
Eqs. (18) and (20) (interaction force) are shown in Fig. 7. The re-
sults depend on only two parameters A and D. Major differences
between the full forms [Eqs. (17) and (18)] and the asymptotic
forms [Eqs. (19) and (20)] occur for clusters with a small value
of A (= a/d0). As the cluster radius a is small comparing to the

Fig. 7 Comparison of the asymptotic and full expressions for the
spherical cluster potentials.

equilibrium distance d0, which includes tightly packed assemblies
as a special case, therefore, full expressions of the cluster potential
and interaction force must be employed. As the value of A becomes
large, A = 100 shown by Figs. 7b and 7d, asymptotic forms can be
used in place of the full forms because of the coalescence of the
potential and force curves.

Dynamic Simulations
The cluster potentials thus derived are readily implemented into

any computer code employing the MD simulation. Especially for
loosely packed assemblies in microscale where the cluster radius is
small compared to the distance between clusters, the required change
in the code only involves the exponents describing attractions and
repulsions (see Table 1), which depend only on the geometrical
configuration(s) of the cluster(s) involved.

To better describe the unique features in cluster dynamics, we
model the one-dimensional interactions among N identical spher-
ical clusters. Full expression of the force, with c measuring the
central distance between two clusters, shall be used for the sake of
generality. Nondimensional forms of the equations of motion can
be written as

Ẍi = d2 Xi

dτ 2
=

N∑

j = 1
j �= i

F̄i j , Ẍ j = d2 X j

dτ 2
= −

N∑

j = 1
j �= i

F̄i j

for i, j = 1, 2, . . . , N

where

Xi = xi/d0, Vi = ẋi

/(
d3

0 mπ
/√

M/E0

)

τ = t
/√

M
/(

E0d4
0 m2π2

)
, A = a/d0, D = |x j − xi |/d0

and

F̄i j = [−1728A4 D14 + 72A2 D16 − D18

− 40320A8 D10(3 + 20D6) + 1344A6 D12(−9 + 25D6)

+ 1310720A18(1 + 105D6) + 64512A10 D8(6 + 125D6)

− 172032A12 D6(7 + 250D6) − 294912A16 D2(9 + 700D6)

+ 147456A14 D4(16 + 875D6)]/[1575D9(D2 − 4A2)8] (30)

F̄i j is the nondimensional force from cluster j to cluster i , d0 is the
equilibrium distance of the LJ potential, E0 = C2

2/(4C1) is the well
depth of the LJ potential, and dots represent derivatives with respect
to time.

Equation (30) represents a set of nonlinearly coupled ordinary
differential equations to be solved for the cluster displacements Xi

and velocities Vi in the time history. The subroutine for solving
the stiff ordinary differential equations, IVPAG in the International
Mathematical and Statistical Library package, is employed here for
its popular use and easy access. We chose the fifth-order backward-
differentiation formulas (often called Gear’s stiff method) in the
implicit differencing scheme. The norm of the local error (at each
time step) is controlled such that the global error (over all time steps)
is ensured to be less than 10−6. The virial theorem11,12 calculates the
transport properties from the cluster displacements Xi and velocities
Vi evaluated numerically at each time step. Heat flux q and pressure
p, for example, can be calculated from

Q = q

q0
= 1

N

N∑

i = 1

(
E P

i + E K
i

)
Vi , � = p

p0

= − 1

N

[
2

(
c0

d0

)12 N∑

i = 1

Vi Vi +
N∑

i = 1

F̄i j (Xi − X j )

]
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where

q0 = (mπ)3C1C2

2Sc3
0(C1/C2)

1
6
√

4MC1

, p0 = C1(mπ)2

2Sc6
0(C1/C2)

1
6

(31)

where E P
i is the potential energy of cluster j exerting on cluster

i, j = 1, 2, . . . , N , but j �= i , resulting from Eq. (17) with c being
the central distance between clusters i and j , and E K

i is the kinetic
energy of cluster i , calculated from V 2

i /2 in the nondimensional
form. The reference values, q0 and p0 in Eq. (32), result from the
process making the virial theorem nondimensional. They fall out
naturally, in exactly the same fashions as those shown in Eq. (31)
for the reference values of displacement, velocity, and time. Again,
the relations for the LJ potential are introduced in deriving Eq. (32),
including the coefficients C1 and C2, as well as the equilibrium po-
sition d0 shown after Eq. (2). Surface area S refers to the physical
domain across which thermal energy and momentum take place. It
has been absorbed in the reference value of q0 and p0 in the present
one-dimensional formulation, but a multidimensional formulation
is more suitable for studying the heat flux and stresses caused by
involvement of the area. When a multidimensional formulation is
attempted, not only multiple degrees of freedom (two or three dimen-
sional) need to be accommodated in describing the cluster motion,
but all of the reference values defined in Eqs. (30) and (31) need to
be redetermined.

Fundamental behavior of cluster dynamics is illustrated by a 10-
cluster array shown in Fig. 8, where the oscillatory patterns of
the first cluster is focused under the various forms of the clus-
ter/molecular potentials. The motion is set forth under the following
initial conditions:

Xi (0) ≡ xi (0)

d0

=
{

1.06(i − 1), i = 1, 2, . . . , 10 (CD asymptotic and MD)

2A(i − 1) × 1.06, i = 1, 2, . . . , 10 (CD full form)

(32)

which describe a 6% initial displacement over the LJ equilibrium
distance d0 between molecules (the 12-6 LJ potential), adjacent
clusters (the 7–1 asymptotic form), and the surface distance (full
form) of adjacent clusters. In the full-form expression in Eq. (32),
2A measures the minimum distance between the surfaces of two
adjacent spheres of equal radius A. The assumed 6% disturbance
from the equilibrium position assures that the 10 clusters stay in the
array without unrecoverable separations in the dynamic response.
Generally speaking, comparing to the molecular (12–6) motion,
the clusters oscillate at lower frequencies with larger amplitudes,

Fig. 8 Dynamics of clusters with different forms of potential.

resulting from the heavier mass of clusters as numerous molecules
congregate. Dynamic response for clusters employing the full-form
potential, Eqs. (30) and (32), strongly depends on the cluster radius
A. Under the initial conditions specified in Eq. (32), the case of A = 5
represents a critical stage. As A = 5, the dynamic response of the
first cluster X1 is still able to retain a pseudoharmonic motion, with
a smaller amplitude and a lower frequency comparing to the 7–1
(asymptotic) response. The harmonic motion starts to break down
as the value of A slightly increases, shown by the response curve of
A = 6 in Fig. 8. Periodic motion can still be observed in the overall
envelope, but severe local oscillations start to grow, which eventually
leads to an unstable response, that is, clusters permanently leaving
the array. In correspondence with the physical scales of space and
time, note that x ∼= 0.18X (nm) and t ∼= 1.26τ (ns) in Fig. 8, which
apply to all results shown in this work. The system parameters,
including the molecular density m in each cluster and the cluster
mass M , do not affect the nondimensional responses presented in
Fig. 8. These parameters only influence the stretching factors, 0.18
(for X ) and 1.26 (for τ ) assuming m = 10 molecules/cluster and
M = 66.3 × 10−26 kg, in recovering the dimensional displacement
x and time t in the physical space.

Maxwell–Boltzmann velocity distribution is a necessary con-
dition to examine the number of particles needed for accurate
simulations.3 In a quasi-stationary response, the time average of
the particle velocity, v̄ or V̄ defined in Eq. (30), must follow the
relation

�NV

N
≡ P =

(
M

2πkB T̄

)
exp

[
− M v̄2

2πkB T̄

]
× �v̄

= exp(−V̄ 2/2θ̄ )√
2πθ̄

× �V̄ (33)

It measures the probability of having �NV clusters (among the
total of N clusters) that have a time-averaged velocity within the
velocity window of (V̄ + �V̄ ). Because the averaged temperature,
T̄ or θ̄ = T̄ /(E0/6kB) in Eq. (33), is related to the averaged velocity
by

1
2 Mv2 = 3

2 kB T, or θ̄ = V̄ 2/3 (34)

in a nondimensional form, the probability is a strong function of the
averaged velocity V̄ . Figure 9 shows the evolution of the probability
density curve as the number of clusters increases from 50 to 150.
Full expression of the cluster potential with A = 5 in Eq. (30) is used
in this simulation. A better agreement with the Maxwell–Boltzmann
distribution can be achieved by the use of more clusters. In view of
the exponentially increased computational time as the number of
clusters increases in the numerical simulation, and the acceptable

Fig. 9 Maxwell–Boltzmann velocity distribution curve and cluster ar-
rays with 50 and 150 clusters (full expression with A = 5).
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Fig. 10 Dynamic simulation of 148 molecules (i = 2 to 149) bounded
by two stationary microsurfaces (i = 1 and 150). The ratios M0/M = 0.1,
E/E0 = 0.93, and d0/d = 1.11. Xi(0) = 1.1(i − 1) and Ẋi(0) = 0 for
i = 1, . . . , 150; Ẋ1(τ ) = 0, Ẋ150(τ ) = 0.

agreement shown in Fig. 9, however, the case of N = 150 shall be
used herewith. This should be sufficient in view of the fundamental
characteristics of cluster potential targeted in this work. In Fig. 9,
for N = 150, the averaged temperature is θ̄ = 1.7 × 10−4, and the
peak value of the probability occurs at V̄ = 0. The system param-
eter such as the molecular density m and the cluster mass M once
again, will not affect the nondimensional results shown in Fig. 9.
The multiplying factor in converting the nondimensional velocity
V to that in the physical space ẋ on the horizontal axis, however, is
proportional to

√
M/m.

One of the unique features in the cluster approach is to describe
physical boundaries as clusters of different geometries. Figure 10
shows the dynamic simulation for an assembly consisting of 148
molecules bounded by two stationary surfaces (i = 1 and 150).
Equation (22) is used as the interaction potential between any
molecule (i = 2 to 149) and the surface (i = 1 or 150), whereas the
LJ potential is used between any pair of molecules. Equation (29)
for F̄(D) with α = 1, β = 1, ξ = 12, and η = 6, in correspondence
with the LJ potential, replaces F̄i j in Eq. (30) for all molecules (i = 2
to 149), and the equations of motion involving any planar cluster
(i = 1 or 150) are modified to include the ratios of mass M0/M and
potential well depth E/E0:

Ẍ j = −ξη

(
M0

M

)(
E

E0

) N∑

i = 1
i �= j

[
1

(d0/d)ξ |Xi − X j |ξ + 1

− 1

(d0/d)η|Xi − X j |η + 1

]
(35)

with ξ = 10, η = 4 (plannar clusters for i = 1 or N ). Subscript
0 refers to the quantities for molecules. The motion is set
forth under the same initial conditions shown in Eq. (32),
that is, Xi (0) = 1.1(i − 1) and Ẋi (0) = 0 for i = 1, 2, . . . , 150;
Ẋ1(τ ) = 0, Ẋ150(τ ) = 0. The ratios are chosen to be M0/M = 0.1,
E/E0 = 0.93, and d0/d = 1.11, which are estimated from the poten-
tial curves shown in Fig. 5. The molecular motion stabilizes beyond
τ ∼= 50, with local fluctuations prevailed on the overall stabilizing en-
velopes. The use of clusters thus eliminates the complicated bound-
ary modeling employed in the MD simulation, which involves no
more than a simple change of the repulsive and attractive indices,
from ξ = 12 and η = 6 for molecules to ξ = 10 and η = 4 for sur-
faces, in the present example.

Kinetic Boundary Conditions
As a first-order approximation that neglects the vibrational and

rotational energy, the energy absorbed in a cluster array is con-
verted into the kinetic energy in support of translational motion of
the clusters. Because the kinetic energy is proportional to the veloc-
ity squared, this type of problem can involve the velocity-specified
condition. An example is given by

Vi (Xi , τ ) = V0 exp(−a Xi ) × exp(−bτ 2)

for 1 = 1, 2, . . . , N (36)

which resembles the energy absorption rate in metals, with X mea-
sured from the heated surface.18−22 With the first cluster aligned
at the origin (X1 = 0), V0 is the initial velocity of the first cluster
calculated from the energy balance:

1
2 Mv2 = (1 − R)J ⇒ V 2

0 = 12(1 − R)(J/E0) (37)

In Eqs. (36) and (37), parameters a and b characterize the autocor-
relation function of the irradiating energy intensity, R represents
the reflectivity of the cluster surface, and J represents the incoming
energy measured in Joules, which is normalized with respect to the
well depth of the spherical-cluster potential E0.

Heat flux Q and stress � in the cluster array can be calculated
from Eq. (31) without attributing to any constitutive relation. For an
array consisting of 150 spherical clusters, assuming the parametric
values for a = 1, b = 1, and V0 = 0.001, Fig. 11 displays three snap-
shots of time-averaged temperature, heat flux, and stress (pressure)
as τ = 500, 1000, and 1500. No constraint is imposed on the first
(i = 1) and last (i = 150) clusters in the cluster array, which allows
energy seepage through the boundaries by other mechanisms, such
as thermal radiation. Direct energy conversion produces high tem-
peratures in the frontal portion, X < 100 approximately, as shown
in Fig. 11a. Temperature in this area oscillates with time caused
by rapid collisions among clusters. With the kinetic (absorbed) en-
ergy decaying exponentially in both space and time, the temperature
level in the cluster array increases from τ = 500 to 1000 and then
decreases from τ = 1000 to 1500. This is a clear behavior of thermal
waves rather than diffusion. The flat region in X > 400, as τ = 1500
and beyond, shows that the temperature is almost uniform across
the array, which is a common feature in thin-film heating of lattices
by ultrashort pulsed laser.15−17 A similar behavior is observed in
heat flux, top right in Fig. 11b. Except for the frontal portion with
X < 100, heat flux approaches its equilibrium value (Q = 0) for
τ > 1500. Measuring the load-bearing capacity of the cluster array,
pressure � seems to stabilize faster than heat flux and temperature,
as shown in Fig. 11c. Local oscillations of pressure remain as time

Fig. 11 Dynamic simulation of 150 clusters: a) averaged temperature
distribution, b) averaged heat-flux distribution, and c) averaged stress
distribution.
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increases from 500 to 1500, but the oscillations are confined within
a narrower threshold. Compression (� < 0) prevails in the entire
domain of the cluster array, reducing in magnitude from � ∼= −100
in the front to � ∼= 0 in the back. This is a special behavior con-
firmed by an alternate approach employing the hot-electron blast
model.19,20

Conclusions
Cluster potentials have been derived in this work. It employs the

intermolecular Lennard–Jones (LJ) potential as the Green’s func-
tion, integrating over various physical domains to yield interaction
potentials between clusters of various shapes. The cluster approach
is particularly useful for nanoscale assemblies where molecules al-
ready congregate in different shapes in forming the building blocks.
In addition to clusters of different shapes, the resulting cluster-
dynamics (CD) simulation allows for coexistence of molecules in
areas where individual molecules remain active, which is a key to
multiscale modeling that is essential for microsystems with great
complexities.

Asymptotic forms of the cluster potential reveals the fundamental
characteristics of CD simulation. Depending on the cluster geom-
etry, the exponents characterizing attractions and repulsions sensi-
tively vary from the 12–6 relation (LJ potential) to the 10–4 relation
(molecule to surface), the 9–3 relation (molecule to sphere), the 8–2
relation (surface to sphere), and the 7–1 relation (sphere to sphere).
Depicted by the LJ potential that is the source (Green’s) function
for all of these capricious relations, the difference between the at-
tractive and repulsive exponents is always six. The full expressions
for the cluster potential are most useful is studying the dynamic
response for both loosely and tightly packed nanoscale assemblies.
Radius of the cluster, and consequently the interaction force, en-
ters the CD formulation along with the separation distance. The
asymptotic (two-term) approximation can be used for clusters with
a characteristic dimension larger than the equilibrium distance for
100 times and beyond.

Because cluster potentials originated from the molecular (LJ) po-
tential, implementation of the cluster model can be readily made
in any code for MD simulation. This is particularly true in the
use of the asymptotic potentials because the changes often involve
no more than the attractive and repulsive components in the code.
With compatibilities between CD and MD thus preserved, multi-
scale modeling involving interactions between molecules and clus-
ters of different shapes can be done almost effortlessly. We have now
implemented the cluster model in describing the physical onsets of
laser ablation and superheating, by using molecules in critical areas
for a better resolution of fast changes and clusters in less sensi-
tive areas. To reveal the refined details, of course, the number of
molecules/clusters used in the CD simulation is much larger than
that used in the present work.

Rotational and vibrational degrees of freedom can store energy
in the clusters, which has been assumed rigid in this work. As the
internal energy resulting from these two modes becomes comparable
to the translational energy accounted for in the present model, the
cluster will no longer be rigid, and additional efforts will be needed
to model the interactions among the three types of energy transfer.
The distance d in the cluster potential measures the distance between
the surfaces of two clusters, which is positive definite. The present
treatment does not allow overlapping between two clusters, as the
repulsive force will become extremely large at a small value of d
that expels the two clusters. The cluster concept does not apply, and
the classical molecular dynamics approach needs to be retrieved,
when the molecular distribution in the cluster is not dense enough
to prevent the overlapping.

The LJ potential is used as a simplest possible example for illus-
trating the concept of molecular clusters in this work, even though
the LJ potential should reveal fundamental phenomena not only for

argon but for a wide variety of materials.22 Semiconductors such
as silicon, however, can involve much more complicated internal
degrees of freedom than the two-body interaction embedded in the
LJ potential. Employing the three-body (SW) potential for silicon,
we have been deriving the cluster potential in terms of the base
functions involved.
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